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Abstract
We show an explicit formula relating e´tale polylogarithms introduced by Wojtkowiak
and finite polylogarithms introduced by Elbaz-Vincent and Gangl. This formula is an
e´tale analog of Besser’s formula relating Coleman’s p-adic polylogarithms and the finite
polylogarithms.
1. Introduction
The polylogarithm appears in many fields of mathematics in different forms. The
classical one is defined by the infinite sum
Lim(z) :=
∞∑
n=1
zn
nm
, z ∈ C (1)
for each positive integer m. The infinite sum (1) converges absolutely if the absolute
value of z is less than 1. This holomorphic function has an analytic continuation to C
as a multi-valued holomorphic function. We can define a single-valued version Lm(z) of
Lim(z), which is a natural generalization of the Bloch–Wigner function ([23, p.413 (33)]).
Before stating our main result (= Theorem 1.1), we recall various analogs of Lim(z),Lm(z)
and recall relations between them. In this paper, p denotes a prime number.
1.1. Coleman’s p-adic polylogarithms
Let Cp be the p-adic completion of an algebraic closure of Qp. We denote by | |p the
valuation on Cp normalized as |p|p = p
−1. Then, for z ∈ Cp with |z|p < 1, the infinite sum
(1) converges in Cp and we denote this infinite sum by Li
p-adic
m (z) ∈ Cp. In [2], Coleman
defined an analytic continuation of Lip-adicm to Cp\{1} as so-called a Coleman function. We
can define two Coleman functions L p-adicm and F
p-adic
m as p-adic analogs of Lm by using
Lip-adicm . For the definitions of them, see [13, Introduction] and Subsection 1.3 below,
respectively. It is known that L p-adicm and F
p-adic
m satisfy functional equations similar to
Lm (cf. [19]).
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1.2. Wojtkowiak’s p-adic e´tale polylogarithms
Wojtkowiak introduced a p-adic e´tale analog of Lm which is called a p-adic e´tale
polylogarithm (cf. [21, Definition 11.0.1]). Let K be a number field, z ∈ K, and γ a
Qp-path in P
1
K
\ {0, 1,∞} from the tangential base point
−→
01 to z. Then, the value at z of
p-adic e´tale polylogarithm lim(z, γ) attached to γ is defined as a continuous function
lim(z, γ) : GK := Gal(K/K)→ Qp(m),
where K is an algebraic closure of K and Qp(m) is them-th Tate twist of the trivial Galois
representation Qp. There is also a “multiple version” of the p-adic e´tale poloylogarithms
called p-adic e´tale iterated integrals. See [20] for the precise definition.
Nakamura, Wojtkowiak, and the first author showed an explicit formula relating Cole-
man’s p-adic polylogarithms and Wojtkowiak’s p-adic e´tale polylogarithms in [12], [13].
Let Z[K \ {0, 1}] be the free abelian group generated by the set K \ {0, 1} and take an
element ξ =
∑n
i=1 ai{zi} ∈ Z[K \ {0, 1}]. Then, under some “Bloch condition” for m, the
linear sum
n∑
i=1
ailim(zi, γi) : GK → Qp(m)
becomes a 1-cocycle for some specific Qp-paths γi (cf. [13]). Let v : K →֒ Cp be a finite
place of K over p and suppose that m is greater than 1. Then the Bloch–Kato logarithm
induces a linear map logBKv : H
1(K,Qp(m)) → DdR,Kv(Qp(m))
∼= Kv ⊂ Cp where Kv is
the topological closure of v(K) in Cp and DdR,Kv is a Fontaine functor (cf. [5]). In [13],
they proved the equality called the polylogarithmic Coleman–Ihara formula:
− logBKv
(
n∑
i=1
ailim(zi, γi)
)
=
n∑
i=1
aiL
p-adic
m (v(zi)). (2)
1.3. Finite polylogarithms
There exists a “finite analog” £p,m(t) of Lim(z) introduced by Elbaz-Vincent–Gangl
based on Kontsevich’s observation (cf. [4], [10]). This finite analog is a polynomial defined
by truncating the infinite sum (1) at degree p, namely,
£p,m(t) :=
p−1∑
n=1
tn
nm
∈ Z(p)[t],
where Z(p) is the localization of Z at a prime ideal pZ. Besser established an explicit
formula connecting the derivative of F p-adicm with £p,m(t) in [1]. Let z be an element of
W (Fp) such that |z|p = |1− z|p, where W (Fp) is the ring of Witt vectors of Fp. We define
F p-adicm by
F p-adicm :=
m−1∑
j=0
aj log
j
p(z) Li
p-adic
m−j (z)
with a0 = −m and
aj =
(−1)j
(j − 1)!
+
(−1)j+1m
j!
2
for j > 0 where logp is a p-adic logarithm. Then, Besser showed the following formula
p1−mDF p-adicm (z) ≡ £p,m−1(Frp(z)) (mod p) (3)
for m greater than 1 ([1, Theorem 1.1]). Here, Frp : Fp → Fp is the geometric Frobenius
automorphism and D is a differential operator defined by D := z(1 − z)d/dz.
In [4], Elbaz-Vincent–Gangl gave a procedure deriving functional equations of finite
polylogarithms from functional equations of p-adic polylogarithms. The congruence (3)
plays a key role in their paper.
1.4. Main result
In this paper, we give an explicit formula of lip,m(z, γ) relating it with a finite poly-
logarithm. When p is greater than m− 1 and γ is an e´tale path, the image of lip,m(z, γ)
is contained in Zp(m). We denote by £
e´t
p,m(z, γ) the composite of lip,m(z, γ) and the
natural projection Zp(m) ։ Fp(m). For each finite place v of K over p, we define a
local field Kv,z to be Kv(ζp, z
1/p) where ζp is a fixed primitive p-th root of unity. Let
Λv,z := logp(O
×
Kz,v
)/p logp(O
×
Kz,v
). To calculate £e´tp,m(z, γ), we will introduce a group ho-
momorphism
λ(m)v,z : H
1
f (Kv,z,Fp(1))⊗Fp Fp(m− 1)→ Λv,z ⊗Fp Fp(m− 1),
where H1f (Kv,z,Fp(1)) is the finite part of H
1(Kv,z,Fp(1)) (cf. Definition 2.5). We show
that the restriction of £e´tp,m(z, γ) to GKv,z is an element of H
1
f (Kv,z,Fp(1))⊗Fp Fp(m− 1)
(Proposition 3.2). The main result of this paper is as follows:
Theorem 1.1 (= Theorem 3.4). Let us take the same notation as above. We assume
that m is greater than 1. Then, the following congruence holds in Λv,z ⊗Fp Fp(m− 1) :
λ(m)v,z
(
£
e´t
p,m(z, γ)
)
≡
[
(1− ζp)
p−m
z − 1
£p,m
(
z1/p
)]
⊗ ζ⊗(m−1)p
(
mod (ζp − 1)
p−m+1
)
for a sufficiently large prime number p.
The formula in Theorem 1.1 can be regarded as an e´tale analog of Besser’s formula (3).
Furthermore, it also can be regarded as a finite analog of the polylogarithmic Coleman–
Ihara formula (2). The proof of Theorem 1.1 is based on an explicit formula of finite e´tale
polylogarithms proved by Nakamura–Wojtkowiak (Proposition 3.1) and a functional equa-
tion of finite star-multiple polylogarithms (see Appendix A for the definition). Though
finite star-multiple polylogarithms do not appear in the statement of Theorem 1.1, they
unexpectedly appear in the proof (see the proof of Proposition 4.1).
In Section 6, we reformulate our main result with an ade´le-like language according to
[9], [14].
1.5. Notation
Let K be a field of characteristic 0. We denote by µ(K) the set of roots of unity in
K. We fix an algebraic closure K of K and the symbol GK denotes the absolute Galois
group Gal(K/K) of K. Let L be a local field or an algebraic extension of Q. Then,
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we denote by OL the ring of integers of L. For each locally noetherian affine scheme
Spec(R) and for each topological abelian group A equipped with a continuous action of
the e´tale fundamental group π := πe´t1 (Spec(R)) of Spec(R), we denote by H
i
cont(R,A) the
i-th continuous group cohomology H i(π,A). Note that H icont(R,A) coincides with the
i-th continuous e´tale cohomology in the sense of Jannsen (cf. [7]) if A is a profinite group
and R is a product of fields. If A is a finite group, then we omit the notation “cont” from
our notation because H icont(R,A) coincides with the usual e´tale cohomology group of the
e´tale sheaf attached to A on Spec(R)e´t. We denote by
κn,K : K
×/(K×)n
∼
−→ H1(K,Z/nZ(1))
the Kummer map induced by the Kummer sequence
1→ Z/nZ(1)→ K
× n
−→ K
×
→ 1
where Z/nZ(1) is the group of n-th roots of unity in K.
2. Review of e´tale polylogarithms
In this section, we review e´tale polylogarithms introduced by Wojtkowiak. Let p be a
prime number. Suppose that K and K are subfields of C. Let X be P1K \ {0, 1,∞} and
πp1(X) the maximal pro-p quotient of the e´tale fundamental group π
e´t
1 (X ⊗K K,
−→
01). Let
us take a standard set of generators {x, y} of πe´t1 (X⊗KK,
−→
01) as in [6, Section 2.3]. Then,
x determines a coherent system of roots of unity (ζn)n>0, ζn ∈ C. We regard this coherent
system as a basis of Ẑ(1) := lim
←−n
Z/nZ(1). We define a multiplicative embedding
ι : πp1(X) →֒ Qp〈〈A,B〉〉
of πp1(X) to the non-commutative formal power series over Qp in variables A,B by
ι(x) := exp(A), ι(y) := exp(B).
For z ∈ K and for an e´tale path γ in X ⊗K K from
−→
01 to z, we consider the continuous
1-cocycle
fγ : GK → π
p
1(X); σ 7→ γ
−1 ◦ σγ
(cf. [6, (2.3.1)]). Note that the constant term of ι(fγ(σ)) is equal to 1 for any σ ∈ GK .
Hence, the infinite sum
log(ι(fγ(σ))) :=
∞∑
n=1
(−1)n−1(ι(fγ(σ))− 1)
n
n
converges in Qp〈〈A,B〉〉. We define a special element em for each positive integer m by
e1 := B, em := [A, em−1] ∈ Qp〈〈A,B〉〉.
Here, for each ξ, η ∈ Qp〈〈A,B〉〉, the bracket product [ξ, η] is defined to be ξη − ηξ.
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Definition 2.1 ([20]). Let m be a positive integer, z an element of K \ {0, 1}, and γ an
e´tale path from
−→
01 to z. Then, the value at z of the p-adic e´tale polylogarithm
lie´tp,m(z, γ) : GK → Qp(m)
attached to γ is defined by
lie´tp,m(z, γ)(σ) := (the coefficient of log (ι(fγ(σ))) at em)⊗ (ζpn)
⊗m
n>0.
In general, these continuous functions are not 1-cocycles. The following lemma is
easily checked by construction:
Lemma 2.2. The image of lie´tp,m(z, γ) is contained in Zp[
1
m!
](m) ⊂ Qp(m).
Remark 2.3.
(1) For each positive integer m, the continuous map lip,m(z, γ) coincides with Wo-
jtkowiak’s p-adic polylogarithm lm(z)γ multiplied by (−1)
m−1 (cf. [21, Definition
11.0.1]).
(2) Let πnil1 (X) be the pro-nilpotent completion of the e´tale fundamental group of X⊗K
K. Then, by replacing πp1(X) with π
nil
1 (X), we can define an ade´lic version
lie´tAQ,f ,m(z, γ) : GK → AQ,f(m)
of lie´tp,m(z, γ). Here, AQ,f(m) is the m-th Tate twist of the ring of finite ade´les AQ,f
and we call this continuous function the value at z of the e´tale polylogarithm attached
to γ.
Definition 2.4. For each positive integer m less than p, we define the continuous map
£
e´t
p,m(z, γ) : GK → Fp(m)
to be the composite of lie´tp,m(z, γ) and the natural projection Zp(m) ։ Fp(m). We call
£
e´t
p,m(z, γ) the value at z of the mod p e´tale polylogarithm attached to γ.
For later use, we define a homomorphism λFp(m−1),K .
Definition 2.5. Let K be a finite extension of Qp.
(1) Let logp : O
×
K → K be a p-adic logarithm. Then, we define ΛK to be logp(O
×
K)/p logp(O
×
K).
By definition, logp induces a natural homomorphism
logFp(m−1),K : O
×
K/(O
×
K)
p ⊗Fp Fp(m− 1)→ ΛK(m− 1) := ΛK ⊗Fp Fp(m− 1).
(2) We define a group homomorphism
λFp(m−1),K : H
1
f (K,Fp(1))⊗Fp Fp(m− 1)→ ΛK(m− 1)
by composing κ−1p,K and logFp(m−1),K . Here, H
1
f (K,Fp(1)) is the subgroup ofH
1(K,Fp(1))
defined to be the image of O×K/(O
×
K)
p under the Kummer map.
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3. Main result
In this and the next section, we fix a number field K contained in C and fix z ∈
K \ {0, 1}. For a finite place v of K dividing p, we put
Kv,z := Kv(µp, z
1/p),
where Kv is the v-adic completion of K and µp is the set of all p-th roots of unity in K.
Proposition 3.1 ([11, Section 3, Corollary]). Let m be a positive integer less than p− 1.
Let z be an element of K \ {0, 1} and γ an e´tale path in P1
K
\ {0, 1,∞} from
−→
01 to z. Let
z1/p be the p-th root of z determined by γ and put
wp,m(z, γ) :=
p−1∏
i=0
(
1− z1/pζ ip
)im−1
,
where we understand 00 = 1 when m = 1 and i = 0. Then, the equality
£
e´t
p,m(z, γ)
∣∣
GKv,z
=
1
(m− 1)!
κp,Kv,z(wp,m(z, γ))⊗ ζ
⊗(m−1)
p
holds in H1(Kv,z,Fp(m)) = H
1(Kv,z,Fp(1))⊗Fp Fp(m− 1).
Proposition 3.2. Let us take the same notation as in Proposition 3.1 and let v be a finite
place of K dividing p. Then, the restriction of the mod p e´tale polylogarithm £e´tp,m(z, γ)
to the absolute Galois group GKv,z is a continuous group homomorphism. Furthermore, it
is contained in H1f (Kv,z,Fp(1))⊗Fp Fp(m− 1) if p does not divide 1− z.
Proof. By Proposition 3.1, it is easy to show that the restriction is a group homorphism.
We suppose that p does not divide 1− z. Then, wp,m(z, γ) is a p-unit and the restriction
is contained in the finite part.
Remark 3.3. By Proposition 3.1, if z is contained in µ(K) \ {1}, then £e´tp,m(z, γ) is the
mod p of a cyclotomic Soule´ element multiplied by 1/(m− 1)! (cf. [21, Corollary 14.3.3]).
We use the abridged notation λ
(m)
v,z = λFp(m−1),Kv,z . By abuse of notation, we denote
the restriction to GKv,z of £
e´t
p,m(z, γ) by the same notation £
e´t
p,m(z, γ). Then, the main
result of this paper is as follows:
Theorem 3.4. Let K be a number field, z an element of K \ {0, 1}, and γ an e´tale path
in P1
K
\ {0, 1,∞} from
−→
01 to z. Let v be a finite place of K over p unramified in K/Q
and m a positive integer such that 1 < m < p − 1. We denote by z1/p the p-th root of z
determined by γ and assume that p does not divide z(1 − z). Then, we have
λ(m)v,z
(
£
e´t
p,m(z, γ)
)
=[
(1− ζp)
p−m
z − 1
£p,m
(
z1/p
)
+ αp(ζp − 1)
p−m+1 mod
(
p logp(O
×
Kv,z
)
)]
⊗ ζ⊗(m−1)p
(4)
in ΛKv,z(m− 1) for a certain element αp ∈ OKv,z .
6
We prove this theorem in the next section. By Theorem 3.4, we have a new proof of
the following well-known fact.
Corollary 3.5 (cf. [16, Corollary 3.2]). Assume that p is an odd regular prime. Then,
for any odd integer m such that 1 < m < p− 1, the restriction map
resm : H
1
cont(Z[1/p],Zp(m))→ H
1
cont(Qp,Zp(m))
is an isomorphism.
This corollary will be proved in Section 5.
4. Proof of Theorem 3.4
In this section, we show the congruence (4) for fixed m, z, and v satisfying the condi-
tions of Theorem 3.4. Then, Kv is unramified over Qp by assumption. Theorem 3.4 (4)
is a direct consequence of Proposition 3.1 and the following proposition:
Proposition 4.1. We have the following congruence in OKv,z :
logp(wp,m(z, γ)) ≡ (m− 1)!
(1− ζp)
p−m
z − 1
£p,m(z
1/p)
(
mod (ζp − 1)
p−m+1
)
.
We prepare some auxiliary lemmas to prove Proposition 4.1.
Lemma 4.2. Let n and j be positive integers less than p. Then, the following congruence
holds in Z(p)[ζp] :
p−1∑
i=0
inζ ijp ≡
(−1)n−1n!p
jn(ζp − 1)n
(
mod
p
(ζp − 1)n−1
)
.
Proof. We remark that ζjp − 1 is congruent to j(ζp − 1) mod (ζp − 1)
2. Hence, for some
a, b, c ∈ Z(p)[ζp], we obtain the following equalities:
1
(ζjp − 1)n
=
1
(j(ζp − 1) + a(ζp − 1)2)n
=
1
jn(ζp − 1)n(1 + b(ζp − 1))
=
1
jn(ζp − 1)n
(1 + c(ζp − 1)) =
1
jn(ζp − 1)n
+
c
jn(ζp − 1)n−1
.
In particular, p/(ζjp − 1)
n is congruent to p/(jn(ζp − 1)
n) mod p/(ζp − 1)
n−1. Therefore,
it is sufficient to show the following congruence:
p−1∑
i=0
inζ ijp ≡
(−1)n−1n!p
(ζjp − 1)n
(
mod
p
(ζp − 1)n−1
)
. (5)
We show the congruence (5) by induction on n.
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First, we prove the case n = 1. We have the equalities
(ζjp − 1)
p−1∑
i=0
iζ ijp =
p−1∑
i=0
iζ (i+1)jp −
p−1∑
i=0
iζ ijp
=
p−1∑
i=0
(i+ 1)ζ (i+1)jp −
p−1∑
i=0
ζ (i+1)jp −
p−1∑
i=0
iζ ijp
=
p−1∑
i=0
(i+ 1)ζ (i+1)jp −
p−1∑
i=0
iζ ijp = p
since
∑p−1
i=0 ζ
(i+1)j
p = 0. Thus, the assertion of the lemma holds for the case n = 1.
Next, we assume that n is greater than 1 and that the assertion holds for any positive
integer less than n. Then, the following congruence holds:
(ζjp − 1)
p−1∑
i=0
inζ ijp =
p−1∑
i=0
inζ (i+1)jp −
p−1∑
i=0
inζ ijp
=
p−1∑
i=0
(i+ 1)nζ (i+1)jp −
p−1∑
i=0
n−1∑
s=0
(
n
s
)
isζ (i+1)jp −
p−1∑
i=0
inζ ijp
=
p−1∑
i=0
(i+ 1)nζ (i+1)jp −
p−1∑
i=0
inζ ijp −
n−1∑
s=0
(
n
s
)
ζjp
p−1∑
i=0
isζ ijp
≡ pn − ζjp
n−1∑
s=0
(
n
s
)
(−1)s−1s!p
(ζjp − 1)s
(
mod
p
(ζp − 1)n−2
)
.
Note that p/(ζjp − 1)
s is divided by p/(ζp − 1)
n−2 for any non-negative integer s less than
n− 1. Therefore, we obtain the congruences
(ζjp − 1)
p−1∑
i=0
inζ ijp ≡ −ζ
j
pn
(−1)n−2(n− 1)!p
(ζjp − 1)n−1
≡
(−1)n−1n!p
(ζjp − 1)n−1
(
mod
p
(ζp − 1)n−2
)
.
This completes the proof of the lemma.
Lemma 4.3. The element logp(1− z
1/p) is contained in OKv,z .
Proof. We write z = ζu with some ζ ∈ µ(Kv)\{1} and some principal unit u ∈ 1+pOKv .
Put ζ ′ := ζ1/p/(1 − ζ1/p) and ̟ := u1/p − 1. One can check that the p-adic valuation of
̟ is greater than or equal to 1/p. Then, 1− z1/p = (1− ζ1/p)(1− ζ ′̟) and we have
logp(1− z
1/p) = logp(1− ζ
1/p)−
∞∑
n=1
(ζ ′̟)n
n
.
Let vp be the p-adic valuation of Kv,z normalized as vp(p) = 1. Since vp((ζ
′̟)n/n) =
vp(̟
n/n) ≥ 0 and the image of O×Kv under logp is contained in pOKv , we obtain the
conclusion of the lemma.
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Lemma 4.4. We have the following congruence in Z(p)[ζp] :
(ζp − 1)
p−1 ≡ −p (mod p(ζp − 1)).
Proof. It follows from the fact that ζp−1 is a root of the polynomial ((X + 1)
p − 1) /X .
Proof of Proposition 4.1. We put ξ := z−1/p−1. Then, 1−z1/pζ ip is equal to (1−z
1/p)(1−
ζip−1
ξ
). Note that ξ is a unit of OKv,z because z ∈ O
×
Kv
∩ (1 + O×Kv). By the definition of
wp,m(z, γ), we have the following equalities:
logp(wp,m(z, γ)) =
p−1∑
i=0
im−1 logp(1−z
1/pζ ip) =
p−1∑
i=0
im−1 logp(1−z
1/p)+
p−1∑
i=0
im−1 logp
(
1−
ζ ip − 1
ξ
)
.
By Lemma 4.3,
∑p−1
i=0 i
m−1 logp(1− z
1/p) is congruent to 0 mod p. Hence, we have
logp(wp,m(z, γ)) ≡
p−1∑
i=0
im−1 logp
(
1−
ζ ip − 1
ξ
)
(mod p).
Meanwhile, the following equalities hold by the definition of the p-adic logarithm:
logp
(
1−
ζ ip − 1
ξ
)
= −
∞∑
l=1
1
lξl
(ζ ip − 1)
l = −
∑
p∤l
1
lξl
(ζ ip − 1)
l −
∞∑
l=1
1
plξpl
(ζ ip − 1)
pl. (6)
Note that, if l is greater than 1 (resp. greater than p − 1), then the p-adic valuation of
(ζip−1)
pl
pl
(resp. (ζ ip − 1)
l) is greater than 1. Thus the right hand side of the equality (6) is
congruent to −
∑p−1
l=1
1
lξl
(ζ ip − 1)
l − 1
pξp
(ζ ip − 1)
p mod p because ξ ∈ O×Kv,z . Furthermore,
by Lemma 4.2, we obtain the following congruence:
1
p
p−1∑
i=0
im−1(ζ ip − 1)
p =
p−1∑
i=0
im−1
p−1∑
j=1
1
p
(
p
j
)
(−1)p−jζ ijp
≡
p−1∑
j=1
1
p
(
p
j
)
(−1)p−j
(−1)m−2(m− 1)!p
jm−1(ζp − 1)m−1
(
mod
p
(ζp − 1)m−2
)
.
Since 1
p
(
p
j
)
is congruent to (−1)
j−1
j
mod p, we have
1
p
p−1∑
i=0
im−1(ζ ip − 1)
p ≡
(−1)m−2(m− 1)!p
(ζp − 1)m−1
p−1∑
j=1
1
jm
≡ 0
(
mod
p
(ζp − 1)m−2
)
as p is greater than m+ 1 by assumption. Hence, we obtain the following congruence:
p−1∑
i=0
im−1 logp
(
1−
ζ ip − 1
ξ
)
≡ −
p−1∑
i=0
im−1
p−1∑
l=1
1
lξl
(ζ ip − 1)
l
(
mod
p
(ζp − 1)m−2
)
. (7)
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Now, let us calculate the right hand side of the congruence (7). Since
∑p−1
i=1 i
m−1 is divided
by p, we have the following congruence:
p−1∑
i=0
im−1(ζ ip − 1)
l =
p−1∑
i=0
im−1
l∑
j=0
(
l
j
)
(−1)l−jζ ijp
= (−1)l
l∑
j=0
(
l
j
)
(−1)j
p−1∑
i=0
im−1ζ ijp
= (−1)l
l∑
j=1
(
l
j
)
(−1)j
p−1∑
i=0
im−1ζ ijp + (−1)
l
p−1∑
i=0
im−1
≡ (−1)l
l∑
j=1
(
l
j
)
(−1)j
p−1∑
i=0
im−1ζ ijp (mod p).
Therefore, according to Lemma 4.2, we have the following congruence for any positive
integer l less than p:
p−1∑
i=0
im−1(ζ ip − 1)
l ≡ (−1)l
l∑
j=1
(
l
j
)
(−1)j+m−2(m− 1)!p
jm−1(ζp − 1)m−1
(
mod
p
(ζp − 1)m−2
)
= (−1)l
(−1)m−1(m− 1)!p
(ζp − 1)m−1
l∑
j=1
(
l
j
)
(−1)j−1
jm−1
= (−1)l
(−1)m−1(m− 1)!p
(ζp − 1)m−1
∑
l≥n1≥···≥nm−1≥1
1
n1 · · ·nm−1
.
(8)
Here, the last equality is obtained by Dilcher’s identity (cf. [3, Corollary 3] or Theorem
Appendix A.1). Finally, by substituting the congruence (8) into the congruence (7), we
obtain the following congruence:
logp(wp,m(z, γ)) ≡ −
(−1)m−1(m− 1)!p
(ζp − 1)m−1
p−1∑
l=1
(−1)l
lξl
∑
l≥n1≥···≥nm−1≥1
1
n1 · · ·nm−1
≡
(−1)m(m− 1)!p
(ζp − 1)m−1
£
⋆
p,{1}m
(
−1
ξ
)
≡
(−1)m(m− 1)!p
(ζp − 1)m−1
£
⋆
p,{1}m
(
1
1− z−1/p
) (
mod
p
(ζp − 1)m−2
)
.
(9)
Here, £⋆p,{1}m(t) is defined by
£
⋆
p,{1}m(t) :=
∑
p−1≥n1≥···≥nm≥1
tn1
n1 · · ·nm
(see Appendix A). Since p/(ζp − 1)
m−1 is congruent to −(ζp − 1)
p−m mod (ζp − 1)
p−m+1
by Lemma 4.4 and
£
⋆
p,{1}m
(
1
1− z−1/p
)
≡
1
z − 1
£p,m(z
1/p) (mod pOKv,z)
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holds as the case k = ({1}m) of the congruence (A.4) by the assumption p > m + 1, we
have the conclusion of Proposition 4.1.
5. Applications of Theorem 3.4
In this section, we give applications of Theorem 3.4. We prepare some lemmas about
the divisibility of elements in local fields. For any field L, we denote by µ(L)(p) the set of
roots of unity of L whose orders are prime to p.
Lemma 5.1. Let L be a finite extension of Qp and π a prime element of OL. Let
x = 1 +
∑∞
n=n0
anπ
n be a principal unit of L with an ∈ µ(L)
(p) ∪ {0} and let n0 be the
minimal positive integer such that an0 6= 0. If n0 is not divided by p and less than vL(p),
then any p-th root of x is not contained in L. Here, vL is the discrete valuation of L
normalized as vL(π) = 1.
Proof. Assume that a p-th root of x, say y, is contained in L. Then, y is also a principal
unit of L. Write y = 1 + bπn with n ∈ Z>0 and b ∈ O
×
L . Then, y
p = x is equal to
1 + bpπnp + pz for some z ∈ OL. Therefore, n0 is divided by p or greater than or equal to
vL(p).
Now, we return to the setting in Section 4. Let z = ζu ∈ O×Kv ∩ (1 + O
×
Kv
) with
u ∈ 1 + pOKv and ζ ∈ µ(Kv)
(p) \ {1}. Furthermore, we suppose that u ∈ 1 + p2OKv .
Then, we have Kv,z = Kv(µp) and π := ζp − 1 is a prime element of OKv,z . For each
x ∈ Kv,z, we denote the π-adic expansion of x by
x =
∑
n
an(x)π
n, an(x) ∈ µ(Kv) ∪ {0}.
Note that an(x) is uniquely determined by x and π.
Proposition 5.2. Let x be a unit of OKv,z . Assume that vp(logp(x)) > 1/(p − 1) and
an(logp(x)) 6= 0 with some integer n such that 1 < n < p − 1. Then, any p-th root of
x is not contained in Kv,z. In particular, the cohomology class κp,Kv,z(x) ⊗ ζ
⊗(m−1)
p ∈
H1(Kv,z,Fp(1))⊗Fp Fp(m− 1) is non-zero.
Proof. Let exp(X) be the formal power series
∑∞
n=0
Xn
n!
. Note that, if the p-adic valuation
of y ∈ Cp is greater than 1/(p−1), then the series exp(y) converges. Set x
′ := exp(logp(x)).
Then, x/x′ is a root of unity in Kv,z because it is contained in the kernel of logp (cf. [18,
Proposition 5.6]). Therefore, it is sufficient to show that any p-th root of ζrpx
′ is not
contained in Kv,z for any integer r.
By the assumption for logp(x), an(x
′) is non-zero for some integer n satisfying 1 <
n < p − 1. On the other hand, since a1(x
′) = 0, we have a1(ζ
r
px
′) 6= 0 for any integer
r prime to p. Hence, by applying Lemma 5.1 to the case where L = Kv,z, π = ζp − 1,
and x = ζrpx
′, we see that any p-th root of ζrpx
′ is not contained in Kv,z for any integer r.
Thus, we have the conclusion.
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Corollary 5.3. Let c be an element of H1f (Kv,z,Fp(1))⊗Fp Fp(m−1) and write λ
(m)
v,z (c) ∈
ΛKv,z(m− 1) as
λ(m)v,z (c) =
(
∞∑
n=1
an(ζp − 1)
n mod
(
p logp(O
×
Kv,z
)
))
⊗ ζ⊗(m−1)p , an ∈ µ(Kv) ∪ {0}.
If a1 = 0 and an 6= 0 for some 1 < n < p− 1, then c is non-zero.
Proof. This is a direct consequence of Proposition 5.2.
For the proof of Corollary 3.5, we need two more lemmas about Galois cohomology.
Lemma 5.4. Let L be Z[1/p] or Qp and let m be a positive integer which is not divided
by p − 1. Then, the natural map H1cont(L,Zp(m)) → H
1
cont(L,Qp(m)) is injective. In
particular, the Zp-module H
1
cont(L,Zp(m)) is torsion free.
Proof. We note that the πe´t1 (Spec(L))-invariant part of µ
⊗m
p vanishes. Indeed, π
e´t
1 (Spec(L))
acts on the 1-dimensional Fp-vector space µ
⊗m
p via the m-th power ω
m of the Teichmu¨ller
character ω and the order of ω on πe´t1 (Spec(L)) is p − 1. By taking π
e´t
1 (Spec(L))-
invariant part of the exact sequence 0 → µ⊗mp → Qp/Zp(m)
p
−→ Qp/Zp(m) → 0, we
see that H0(L,Qp/Zp(m)) has no non-trivial p-torsion element. Since any element of
H0(L,Qp/Zp(m)) is a p-power torsion element, we have H
0(L,Qp/Zp(m)) = 0. This im-
plies that the natural homomorphism H1cont(L,Zp(m))→ H
1
cont(L,Qp(m)) is injective.
Lemma 5.5. Let m be a positive odd integer and p a prime number such that m 6≡ 0, 1
(mod p − 1). Then, the restriction map resm : H
1
cont(Z[1/p],Zp(m)) → H
1
cont(Qp,Zp(m))
is isomorphism if the composite
H1cont(Z[1/p],Zp(m))→ H
1
cont(Qp,Zp(m))→ H
1(Qp,Fp(m))→ H
1(Qp(ζp),Fp(m)) (10)
is non-trivial.
Proof. By the local and global Euler–Poincare´ characteristics of Galois cohomologies, the
ranks of H1cont(Z[1/p],Qp(m)) and H
1
cont(Qp,Qp(m)) are equal to 1. Hence, by Lemma 5.4,
H1cont(Z[1/p],Zp(m)) and H
1
cont(Qp,Zp(m)) are free Zp-modules of rank one. Therefore
resm is an isomorphism if and only if
resm : H
1
cont(Z[1/p],Zp(m))→ H
1
cont(Qp,Zp(m))/pH
1
cont(Qp,Zp(m))
is non-trivial. Therefore, if (10) is non-trivial, then resm is also non-trivial because the
homomorphism (10) factors through resm. This completes the proof of the lemma.
Now, let K = Q, so F = Qp.
Proof of Corollary 3.5. Let us choose a specific path γ from
−→
01 to −1 so that lip,m(−1, γ) is
a continuous 1-cocycle of πe´t1 (Spec(Z[1/p])) valued in Zp(m) (cf. Remark 3.3, [11, Section
2, Corollary]). Since £e´tp,m(−1, γ) is defined as the mod p of lip,m(−1, γ), the restriction of
£
e´t
p,m(−1, γ) to GQp(ζp) is contained in the image under the composite
H1cont(Z[1/p],Zp(m))→ H
1
cont(Qp,Zp(m))→ H
1(Qp(ζp),Fp(m)).
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Thus, it is sufficient to show the non-triviality of £e´tp,m(−1, γ) in H
1(Qp(ζp),Fp(m)) by
Lemma 5.5. Note that £e´tp,m(−1, γ) is contained in H
1
f (Qp(ζp),Fp(1)) ⊗Fp Fp(m − 1).
Then, we write λ
(m)
p,−1(£
e´t
p,m(−1, γ)) as
λ
(m)
p,−1(£
e´t
p,m(−1, γ)) =
(
∞∑
n=1
an(ζp − 1)
n mod
(
p logp(Zp[ζp]
×)
))
⊗ ζ⊗(m−1)p , (11)
where an ∈ µ(Qp) ∪ {0}. According to Corollary 5.3, it is sufficient to show that a1 =
0 and an 6= 0 for some 1 < n < p. By Theorem 3.4, ap−m in (11) is congruent to
(−1)m2−1£p,m (−1) mod p. Here, we note that £p,m
(
−ζnp
)
is congruent to £p,m (−1) mod
ζp−1 for any integer n. Since 1 < p−m < p, it is sufficient to show that £p,m (−1) mod p
is non-zero. By [14, Lemma 4.1 (58)], the value £p,m(−1) is congruent to
1−2m−1
2m−2m
Bp−m
mod p. Therefore if p is regular, then £p,m(−1) 6≡ 0 (mod p). This completes the proof
of the corollary.
By using Proposition 3.1 and the equality (9), we can deduce vanishing results for the
finite star-multiple polylogarithms from facts about Galois cohomology. For example, we
give another proof of a part of [14, Proposition 4.2 (64)] which is a generalization of [17,
Theorem 1.1 (1.1)] without using the functional equation:
Corollary 5.6. If m is an even positive integer, then we have
£
⋆
p,{1}m(1/2) :=
∑
p−1≥n1≥···≥nm≥1
1
2n1n1 · · ·nm
≡ 0 (mod p)
for any prime number p greater than m+ 1.
Proof. Let p be a prime number greater than m+1. As m is even, the global Galois coho-
mology H1cont(Z[1/p],Zp(m)) vanishes (cf. [16, Theorem 1]). Hence, £
e´t
p,m(−1, γ) vanishes
because it is contained in the image under the mod p restriction map (Proof of Corollary
3.5). Thus, by the equality (9) and Corollary 5.3, £⋆p,{1}m(1/2) vanishes.
We can also obtain an another proof of a part of [14, Theorem 3.22 (51)] by the
distribution properties about the cyclotomic Soule´ elements ([22, Corollary 14.3.4]).
6. Ade´le-like reformulation
In this section, we define A-finite polylogarithms and A-e´tale polylogarithms as ele-
ments of ade´le-like objects.
For each commutative ring R, we define a commutative algebra AR by
AR :=
(∏
p
R/pR
)/(⊕
p
R/pR
)
,
where p runs over all rational prime numbers. Then, we define the A-finite polylogarithm
£A,m(t) by
£A,m(t) := (£p,m(t) mod p)p ∈ AZ[t]
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for a positive integer m.
If m ≡ m′ (mod p− 1), then we have £p,m(t) ≡ £p,m′(t) (mod p). In other words, the
“weight” of £p,m(t) is determined up to mod p − 1. However, we can define a weight of
an A-finite polylogarithm as an integer. This is one of advantages to considering such an
ade´le-like framework.
If R = Z, we omit Z from our notation, that is,
A := AZ =
(∏
p
Fp
)/(⊕
p
Fp
)
=
(∏
p
Fp
)
⊗Z Q.
Thus, A can be regarded as a quotient of the ring AQ,f of finite ade´les of Q and we equip A
with the quotient topology. One can check that the topology coincides with the indiscrete
topology. Let us introduce Tate twists of the ring A.
Definition 6.1. Let m be an integer. Then, we define the topological Galois module
A(m) by
A(m) := AQ,f(m)⊗AQ,f A.
A-e´tale polylogarithms will be defined as continuous functions on the absolute Galois
group of a number field valued in A(m). We equip
∏
p Fp(m) with the product topology.
Then, the topology on A(m) coincides with the quotient topology induced by the natural
surjection
∏
p Fp(m)։ A(m).
6.1. Cohomology of A(m)
Let K be a field of characteristic 0. In this subsection, we study the continuous Galois
cohomology of the GK-module A(m).
Proposition 6.2. For each integer m and each non-negative integer i, we have a natural
isomorphism (∏
p
H i(K,Fp(m))
)
⊗Z Q ∼=
∏
pH
i(K,Fp(m))⊕
pH
i (K,Fp(m))
.
Proof. It is sufficient to show that the maximal torsion subgroup of
∏
pH
i(K,Fp(m))
coincides with
⊕
pH
i (K,Fp(m)). We denote by Ator the maximal torsion subgroup of an
abelian group A. The inclusion relation
⊕
p
H i (K,Fp(m)) ⊂
(∏
p
H i(K,Fp(m))
)
tor
is clear. Let us take an element (xp)p ∈
(∏
pH
i(K,Fp(m))
)
tor
and a positive integer N
annihilating (xp)p. If p is greater than N , the positive integer N is non-zero in Fp. Hence,
the annihilation N(xp)p = (Nxp)p = 0 implies that xp = 0 for all p > N . Thus, we have
the converse inclusion relation.
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For a subset Σ of the set of all prime numbers, we define the closed subgroup CΣ of∏
p Fp by CΣ :=
∏
p∈Σ Fp ×
∏
p 6∈Σ{0}. We call Σ a cofinite subset of the set of all prime
numbers when the complement Σc of Σ with respect to the set of all prime numbers is
finite.
Lemma 6.3. Every open subgroup of
∏
p Fp is given by the form CΣ for some cofinite
subset Σ of the set of all prime numbers.
Proof. Let U be an open subgroup of
∏
p Fp. Then, there exists a cofinite subset Σ of
the set of all prime numbers such that U contains CΣ, since such open subgroups form a
fundamental system of 0 in
∏
p Fp. We fix such a Σ and regard U := U/CΣ as a subgroup
of
⊕
p∈Σc Fp via the natural isomorphism
⊕
p∈Σc Fp
∼
−→
∏
p Fp/CΣ. For p ∈ Σ
c, we define
an integer ap by ap :=
∏
q∈Σc,q 6=p q and
αp :
⊕
p∈Σc
Fp ։ Fp ⊕
⊕
Σc\{p}
{0} ⊂
⊕
p∈Σc
Fp
by αp(x) := apx. For u = (up)p ∈ U , we see that u
′ := (a−1p up)p ∈ U . Indeed, by the
Chinese remainder theorem, there exsists an integer n such that nu = u′. Therefore, we
have U =
⊕
p∈Σc αp(U), since up = αp(u
′) holds. Let Σ′ be the subset of Σc consisting of
p such that the p-component of some element of U is non-zero. Since αp(U) is a subgroup
of the cyclic group Fp, αp(U) = Fp if p ∈ Σ
′ and αp(U) = {0} if p ∈ Σ
c \ Σ′. Hence, we
have U = CΣ∪Σ′ and Σ ∪ Σ
′ is cofinite.
Lemma 6.4. Let G be a profinite group and H its closed subgroup. Then, H is equal to
the intersection of all open subgroups of G containing H.
Proof. Let x be an element of G \H . Then, there exists an open normal subgroup U of
G not containing x such that xU and H are disjoint. Since HU is an open subgroup of
G satisfying x 6∈ HU and H ⊂ HU , x is not an element of the intersection of all open
subgroups of G containing H .
Proposition 6.5. Every closed subgroup of
∏
p Fp is given by the form CΣ for some subset
Σ of the set of all prime numbers.
Proof. Let C be a closed subgroup of
∏
p Fp. By Lemma 6.3 and Lemma 6.4, there exists
a family {Σλ}λ∈Λ of cofinite subsets of the set of all prime numbers such that
C =
⋂
λ∈Λ
CΣλ .
Since
⋂
λ∈Λ CΣλ = CΣ where Σ =
⋂
λ∈ΛΣλ, we have the conclusion.
Corollary 6.6. Let C be a closed subgroup of
∏
p Fp. Then, every element of C has a
finite order if and only if C is a finite group.
Proof. By Proposition 6.5, C = CΣ holds for some subset Σ of all prime numbers. If Σ is
an infinite set, the element (εp)p of CΣ has an infinite order, where εp = 1 (resp. 0) for
p ∈ Σ (resp. p 6∈ Σ). Therefore, if every element of CΣ has a finite order, then CΣ is a
finite group. The converse assertion is clear.
15
Proposition 6.7. Let m be an integer. We assume that K contains µp for any prime
number p, where µp is the set of all p-th roots of unity in K. Then, the natural homo-
morphism
ιA :
∏
pH
1(K,Fp(m))⊕
pH
1 (K,Fp(m))
−→ H1cont(K,A(m))
is injective.
Proof. Note that
H1cont(K,
∏
p
Fp(m)) ∼= Homcont(GK ,
∏
p
Fp(m))
and
H1cont(K,A(m))
∼= Homcont(GK ,A(m))
hold by the assumption of K. Let f : GK →
∏
p Fp(m) be a continuous homomorphism
such that the composite of f and
∏
p Fp(m) → A(m) is zero. Then, every element of
Im(f) has a finite order. Since f is a continuous homomorphism of profinite groups,
Im(f) is a closed subgroup of
∏
p Fp(m). Therefore, Im(f) is a finite group by Corollary
6.6 and this implies that f is an element of
⊕
pHomcont(GK ,Fp(m)).
Note that the inclusion ιA is not surjective in general.
We introduce a correction of local conditions of H1cont(K,A(m)). For the rest of this
subsection, we suppose that K is an algebraic extension of Q. Then, for each prime
number p, we put Kp := K ⊗Q Qp and define its subring OKp by OKp := OK ⊗Z Zp.
Definition 6.8. Assume that K contains µp for every prime number p.
(1) For each prime number p, we put
H1f (Kp,Fp(m)) := Im
(
O×Kp/(O
×
Kp
)p ⊗Fp Fp(m− 1) →֒ H
1(Kp,Fp(m))
)
.
(2) We define the finite part H1f (K,A(m)) of H
1
cont(K,A(m)) by
H1f (K,A(m)) := Ker
(
Im(ιA)→
(∏
p
H1(Kp,Fp(m))
H1f (Kp,Fp(m))
)
⊗Z Q
)
.
Here, the above homomorphism is given by Proposition 6.2 and Proposition 6.7.
By definition, we have a natural homomorphism
κ−1A(m),K : H
1
f (K,A(m))→
(∏
p
O×Kp/(O
×
Kp
)p ⊗Fp Fp(m− 1)
)
⊗Z Q.
Let M be a subfield of K which is finite over Q. Then, the p-adic logarithm induces a
natural map
O×Mp :=
⊕
v|p
O×Mv ։
⊕
v|p
logp(O
×
Mv
) ⊂M ⊗Q Qp.
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By taking the direct limit with respect to M , we obtain a natural homomorphism
logp,K : O
×
Kp
= lim
−→
M⊂K
O×Mp → lim−→
M⊂K
M ⊗Q Qp = K ⊗Q Qp.
Remark 6.9. The Zp-module logp,K(O
×
Kp
) is not an OKp-submodule of Kp, in general.
Definition 6.10. We define the A-module ΛA,K(m− 1) by
ΛA,K(m− 1) :=
(∏
p
logp,K(O
×
Kp
)/p logp,K(O
×
Kp
)⊗Fp Fp(m− 1)
)
⊗Z Q.
Example 6.11. If K = Q, then the A-module ΛA,Q(0) is naturally isomorphic to an
A-module pA2 :=
(∏
p pZ/p
2Z
)/(⊕
p pZ/p
2Z
)
, because logp(Z
×
p ) = pZp.
The product of p-adic logarithms induces a natural homomorphism
logA(m−1),K :
(∏
p
O×Kp/(O
×
Kp
)p ⊗Fp Fp(m− 1)
)
⊗Z Q→ ΛA,K(m− 1).
Definition 6.12. Assume that K contains µp for every prime number p. Then, we define
a group homomorphism
λ
(m)
A,K : H
1
f (K,A(m))→ ΛA,K(m− 1)
by composing κ−1A(m),K and logA(m−1),K .
6.2. Ade´le-like reformulation of the main theorem
Now we give a reformulation of our main result. We fix a number fieldK, z ∈ K\{0, 1},
and an e´tale path γ form
−→
01 to z in P1
K
\ {0, 1,∞}. Let us define the value at z of the
A-e´tale polylogarithm £e´tA,m(z, γ) attached to γ to be the composite of continuous maps
£
e´t
A,m(z, γ) : GK
lie´tAQ,f ,m
(z,γ)
−−−−−−−→ AQ,f(m)։ A(m),
where lie´tAQ,f ,m(z, γ) is the value at z of the e´tale polylogarithm attached to γ (Remark 2.3
(2)). For each z ∈ K \ {0, 1}, we put Kz := K({µp, z
1/p}p) where p runs over all prime
numbers.
Proposition 6.13. The restriction of the A-e´tale polylogarithm £e´tA,m(z, γ) to the absolute
Galois group GKz is a continuous group homomorphism. Furthermore, it is contained in
the finite part H1f (Kz,A(m)).
Proof. This is a direct consequence of Proposition 3.2.
Then, our main result can be reformulate as follows:
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Theorem 6.14. Let K be a number field and m a positive integer greater than 1. Let z
be an element of K \{0, 1} and γ an e´tale path in P1
K
\{0, 1,∞} from
−→
01 to z. We denote
by z1/p the p-th root of z determined by γ for each prime number p. Then, the following
congruence holds in ΛA,Kz(m− 1) :
λ
(m)
A,Kz
(
£
e´t
A,m(z, γ)
)
≡
[
(1− ζp)
p−m
z − 1
£A,m
(
z1/p
)]
⊗ ζ⊗(m−1)
p
(
mod (ζp − 1)
p−m+1
)
.
Remark 6.15. We have used p-notations in the above theorem. See [14, Example 3.3].
Proof. It is sufficient to show that congruence for each sufficiently large p-components.
Thus, the conclusion follows from Theorem 3.4 directly.
Appendix A. A functional equation of finite star-multiple polylogarithms
In this appendix, we prove a functional equaiton of one-variable finite star-multiple
polylogarithms for the proof of Theorem 3.4.
Let k1, . . . , km be positive integers and k := (k1, . . . , km). We call such a tuple k an
index. The weight wt(k) of k is defined to be k1 + · · ·+ km. For a prime number p, the
one-variable finite star-multiple polylogarithms £⋆p,k(t) and £˜
⋆
p,k(t) are defined by
£
⋆
p,k(t) :=
∑
p−1≥n1≥···≥nm≥1
tn1
nk11 · · ·n
km
m
∈ Z(p)[t]
and by
£˜
⋆
p,k(t) :=
∑
p−1≥n1≥···≥nm≥1
tnm
nk11 · · ·n
km
m
∈ Z(p)[t].
Then, we define A-finite star-multiple polylogrithms £⋆A,k(t) and £˜
⋆
A,k(t) by
£
⋆
A,k(t) := (£
⋆
p,k(t) mod p)p, £˜
⋆
A,k(t) := (£˜
⋆
p,k(t) mod p)p ∈ AZ[t].
Let ζ⋆p(k) = £
⋆
p,k(1) and ζ
⋆
A(k) = £
⋆
A,k(1) be the finite multiple zeta-star values.
The authors proved the following polynomial identity in [14]:
Theorem Appendix A.1 ([14, Corollary 2.7]). Let k = (k1, . . . , km) be an index,
k∨ = (k′1, . . . , k
′
m′), and N a positive integer. Then, we have the following polynomial
identity: ∑
N≥n1≥···≥nm≥1
(−1)n1
(
N
n1
)
tnm
nk11 · · ·n
km
m
=
∑
N≥n1≥···≥nm′≥1
(1− t)nm′ − 1
n
k′
1
1 · · ·n
k′
m′
m′
. (A.1)
Here, k∨ is the Hoffman dual of k (see [14, Definition 2.1]).
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The case t = 1 and k = m gives Dilcher’s identity because of (m)∨ = (
m︷ ︸︸ ︷
1, . . . , 1) =:
({1}m). Since (−1)n
(
p−1
n
)
is congruent to 1 mod p for a prime number p and a positive
integer n < p, we have
£˜
⋆
p,k(t) ≡ £˜
⋆
p,k∨(1− t)− ζ
⋆
p(k
∨) (mod p). (A.2)
This is a special case of main results of [14]. We recall the reversal formulas
£
⋆
p,k(t) ≡ (−1)
wt(k)tp£˜
⋆
p,k(t
−1), £˜
⋆
p,k(t) ≡ (−1)
wt(k)tp£⋆
p,k
(t−1) (mod p) (A.3)
(cf. [14, Proposition 3.11]). Here, k is the reverse index.
By combining the congruences (A.2) and (A.3), we can calculate as follows:
£
⋆
p,k(t) ≡ (−1)
wt(k)tp£˜
⋆
p,k(t
−1)
≡ (−1)wt(k)tp
(
£˜
⋆
p,k
∨(1− t−1)− ζ⋆p(k
∨
)
)
≡ tp(1− t−1)p£⋆p,k∨((1− t
−1)−1)− tpζ⋆p (k
∨)
≡ (tp − 1)£⋆p,k∨
(
t
t− 1
)
− tpζ⋆p(k
∨) (mod p).
Therefore, we see that the following congruence holds for any prime number p:
£
⋆
p,k(t) ≡ (t
p − 1)£⋆p,k∨
(
t
t− 1
)
− tpζ⋆p(k
∨) (mod p). (A.4)
We can restate this by ade´le-like notations as follows:
Theorem Appendix A.2. Let k be an index. Then, we have
£
⋆
A,k(t) = (t
p − 1)£⋆A,k∨
(
t
t− 1
)
− tpζ⋆A(k
∨).
Here, tp is defined to be (tp)p ∈ AZ[t].
This functional equation is not written explicitly in main results of [14].
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